A Cayley graph X = Cay(G, S) of group G is said to be normal if R(G) is normal in Aut(X). Let G = a, b | a n = b 2 = 1 , S be a generating set of G, |S| = 4. In this paper we show that any one-regular and 4-valent Cayley graph X = Cay(G, S) of dihedral groups G is normal except that n = 4s, and X Cay(G, {a, a −1 , a i b, a −i b}), where i 2 ≡ ±1(mod 2s), 2 ≤ i ≤ 2s − 2.
Introduction
For a finite, simple and undirected graph X, we use V (X), E(X), and Aut(X) to denote its vertex set, edge set, and full automorphism group, respectively. X is said to be vertextransitive and edge-transitive if Aut(X) acts transitively on V (X) and E(X), respectively. We call X s-arc-transitive, if Aut(X) acts transitively on V (X) and on the set of its s-arcs; and X is called an s-transitive graph if X is s-arc-transitive but not (s + 1)-arc-transitive. For the case s = 1, we simply call 1-arc-transitive graphs arc-transitive. An arc-transitive graph X is said to be one-regular if |Aut(X)| = |A(X)|. Obviously, one-regular graphs must be connected.
Quite a bit of work has been done on one-regular Cayley graphs. Chao found in [2] the one-regular circulants of order a prime number p with p ≡ 1(mod 4). Also, Marušič constructed the one-regular Cayley graphs of the alternating groups A n [8] . In [16] , semiregular on both vertices and edges of X. Note that the graph Y may not be simple even if X is. The graph X is called the covering graph and Y is the base graph. The preimage ℘ −1 (v), v ∈ V (Y ), corresponds to an orbit of G on V (X) and is called the (vertex)-fibre over v. Similarly, edge-fibres correspond to orbits of G on E(X).
A regular covering projection X → Y ∼ = X/G can be reconstructed in terms of voltage assignments valued in G as follows (see [4] ). First label arbitrarily a vertex in each fibre by 1 ∈ G, and then label all other vertices by the right regular action of G ≤ Aut X on each fibre. Consequently, given an arc uv in Y , the origins and termini of arcs in ℘ −1 (uv) are labelled, respectively, by g and ag (g ∈ G) for some a ∈ G. This fact is recorded by assigning the voltage vol(uv) = a ∈ G to the corresponding arc uv, with inverse arcs carrying inverse voltages. The edges of X can thus be retrieved from Y by considering the left regular action of G induced by the above labelling. Observe that a voltage assignment on arcs extends to an assignment on arcs in a natural way. By connectedness of X, the voltages of all fundamental closed walks at any vertex v ∈ V (Y ) generate the whole voltage group G. Also, a given voltage assignment can be modified so that the arcs of an arbitrarily prescribed spanning tree receive the trivial voltage, and the modified assignment is associated with the same covering projection [4] . That is, the modified voltage of each cotree arc is precisely the voltage of the corresponding fundamental closed walk relative to a fixed chosen base vertex v ∈ V (Y ).
Proposition 1 ([12]). Leaving the voltages of a spanning tree trivial and replacing the voltage assignments on the cotree arcs by their images under an automorphism of the voltage group results in a voltage assignment associated with the same covering projection.
Let ℘ : X → Y ∼ = X/G be a regular covering projection. If ϕ ∈ Aut Y andφ ∈ Aut X satisfyφ℘ = ℘ϕ we callφ the lift of ϕ, and ϕ the projection ofφ. Concepts such as the lift of a group of automorphisms and the projection of a group of automorphisms are self-explanatory. The lifts and the projections of groups are of course subgroups in Aut X and Aut Y , respectively. In particular, CT( p) = G is the lift of the identity group and is known as the group of covering transformations. Clearly, if G is normal in Aut X then the latter does project (however, the projection need not be onto). The problem of whether an automorphism ϕ of Y lifts can be grasped in terms of voltages as follows. Consider the mapping ϕ # : G → G, defined relative to a chosen base vertex v by the rule
where C ranges over all fundamental closed walks at v. Note that if G is abelian, ϕ # does not depend on the choice of the base vertex, and the fundamental closed walks at v can be replaced by the fundamental cycles generating the cycle space of X. Moreover, if a group A ≤ Aut Y lifts, then # : A → Aut G is a homomorphism.
Proposition 3 ([5]). Let G be a finite group, and H ≤ G. Then C G (H ) N G (H ), and N G (H )/C G (H ) is isomorphic to a subgroup of Aut H .

The proof of main results
First let us interpret our strategy of the proof. Let S be the generating set of a connected one-regular tetravalent Cayley graph of dihedral group G = a, b | a n = b 2 = 1, a b = a −1 . It is difficult to investigate the impact of the one-regularity of the graph on its structure if S consists of four reflections. So we first analyse the structure of the automorphism group which is imprimitive on the vertex set in general, and find an abelian normal subgroup which is also semiregular on the vertex set. This abelian normal subgroup imposes on the generating set of non-normal one-regular Cayley graphs. Next we show that any non-normal one-regular tetravalent Cayley graph of a dihedral group is isomorphic to either a regular Z m -cover of X = K 3 [2K 1 ] which is a Cayley graph of S 3 , or a normal Cayley graph of a quasi-dihedral group, or the graph as stated in Theorem 1. Finally, we exclude the possibility of a regular Z m -cover of X = K 3 [2K 1 ], and prove that the case of a normal Cayley graph of a quasi-dihedral group also leads to the graph as stated in Theorem 1.
Secondly we give several lemmas which we shall need for our proof later.
Lemma 1. Let X be a normal one-regular Cayley graph of K
, where x 2m = y 4 = 1, and n = 4m.
Proof. Let X = Cay(K , S) be a normal one-regular Cayley graph of K = x × y . Then by [6] m = 2s, s ≥ 3 and S = {x, x −1 , x i y, x −i y −1 }, where 1 ≤ i ≤ s − 1, i is odd, and
with σ 2 = −1 mapping every element of K to its inverse, where j ∈ Z 4 . Then A = K : σ , and for any z ∈ K , we have that
So A contains no elements of order n = 4m and, thus, no subgroups isomorphic to D 2n . If i 2 ≡ 1(mod s) and A 1 = Z 2 2 , then there exist involution automorphisms of K of the forms
Then A contains no elements of order n = 4m and, thus, contains no subgroups isomorphic to D 2n .
Lemma 2. Let X be a normal one-regular Cayley graph of K
, where
Proof. Suppose that K = x ∼ = Z 2n . By [16] we may assume that S = {x, x −1 , x i , x −i }, where i ∈ Z * 2n , and 
implying the normality of X, a contradiction. Proof.
, where x n = y 2 = 1, and n = 2m. By [6] we may assume that S = {x, x −1 , x i y, x −i y}, where 2 ≤ i ≤ m − 2, i ∈ Z * 2m , and i 2 ≡ ±1(mod m).
Suppose that i 2 = −1(mod m). Then m = 2s is even, and σ = (x, x i y, x −1 , x −i y) · · · ∈ A 1 = Aut(K , S), and A = K : σ . It follows from i 2 = −1(mod m) that s is odd. Observe that the elements of forms R(x k )σ, R(x k )σ −1 , R(x k y)σ , and R(x k y)σ −1 have order 4, and that the elements of forms R(x k )σ 2 , and R(x k y)σ 2 have order 2, where k ∈ Z n . So the elements of order n in A are of the form R(x k ), where k ∈ Z * n . Note that Aut K is transitive on the set of elements of order n in K . If A contains a subgroup H isomorphic to D 2n , then R(x) ∈ H , and either
A. Then we have
where i 2 = −1(mod m).
Suppose that i 2 = 1(mod m). We may let i 2 = 1 + tm(mod n), where t ∈ {0, 1}.
It is easy to see that y α = y, and
, and the elements of forms R(x k )α and R(x k y)α have order 2, where k ∈ Z n . We assert that {R(x k ), R(x k y), k ∈ Z * n } is the set of all elements of order n in A, unless m = 2s, and s is even, and i = s ± 1. Note that
Similarly we have that i = s + 1, and s is even. Similarly, o(R(x k y)γ ) = n implies that i = s − 1, and s is even. This proves our assertion.
Suppose that R(x k ), R(x k y), where k ∈ Z * n , are all elements of order n in A. Note that Aut K is transitive on the set of elements of order n in K . If A contains a subgroup H isomorphic to D 2n , then we may assume that
A. It is easy to see that
Finally we show that if
Suppose that m = 2s, s is even, and i = s + 1. Then S = {x, x −1 , x s+1 y, x −s−1 y}, and the set of elements of order n in A is
We may determine the images of y under α, β, and γ , obtaining that α :
, and γ :
None of these involutions together with R(x)β generates H D 2n . So R(x) ∈ H , and the regular subgroup H = R(x), R(y)α . Similarly, we have that
Suppose that m = 2s, s is even, and i = s − 1. Then S = {x, x −1 , x s−1 y, x −s+1 y}, and the set of elements of order n in A is
It is easy to determine the images of y under α, β, and γ . We obtain that α :
. Let H D 2n be a regular subgroup of A, and
None of these involutions together with
By [6] we obtain that X is indeed one-regular. Proof. Write V (X ) = {0, 1, 2, 3, 4, 5}. Without loss of generality, we may choose notation such that {0, 1}, {2, 3}, {4, 5} are blocks of X , and that H = φ, ψ , where ϕ = (025)(134), and ψ = (03) (12) Choose the spanning tree so that the tree arcs are 02, 03, 04, 05, and 14. We may let the voltage assignments be given as zero in all the spanning tree arcs. As for the voltage assignments in the remaining arcs, assign the voltages a, b, c, d, e, f , and g to the arcs 51, 13, 35, 52, 21, 24, and 43, respectively. The voltages of images of the fundamental cycles under the automorphisms are listed in Table 1 .
Since ϕ, ψ and τ 1 lift, ϕ # , ψ # and τ # 1 extend to group automorphism of Z n . Hence n . We may assume that d = 1. Since ϕ # fixes d = 1, it follows that ϕ # = 1. Note that any automorphism of G has a form x −→ kx for some k ∈ Z * n . Then 
x → hx, extends to a group automorphism of Z m . It follows that hc = g, and hg = c. This implies that h 2 = 1. Observe from the images of τ # 1 that τ # 1 = 1. Then g = −1, and
Moreover, we also have 2a = 4(c − 1) = 0. It follows that h = −c, and c 2 = 1. Then it is easy to check that σ # : x → −cx, and τ # 2 : x → −cx = −1, and τ # : x → cx are group automorphisms. By Proposition 2, τ also lifts. This contradicts the one-regularity of X. Now we are ready to show Theorem 1. Let G = a, b | a n = b 2 = 1, a b = a −1 , and X = Cay(G, S) be non-normal one-regular and 4-valent Cayley graphs of dihedral groups G. Set A = Aut X. Then |A : G| = 4, and A 1 ∼ = Z 2 2 or Z 4 . It follows that A/G A is isomorphic to a transitive subgroup of degree 4, where
Suppose that X is not normal. Then G A = G, and so
. This is impossible, for the dihedral group G has no quotient groups isomorphic to Z 3 . Hence A/G A ∼ = D 8 or S 4 , and G/G A ∼ = Z 2 or S 3 , respectively.
Case 1 A/G
We first show that n is even. Suppose that n is odd. 2 , then C is cyclic of order 2n for n is odd. Set C = x . We claim that C is regular on V (X). Otherwise, C v ∼ = Z 2 are all equal for any v ∈ V (X), implying that C v = 1, a contradiction. So X is a normal and one-regular Cayley graph of C ∼ = Z 2n . We may assume that a = x 2 . Since A = C : A 1 and A/C ∼ = Z 2 2 , it follows that
2 . Then by [16] , X Cay(C, {x, x −1 , x i , x −i }), where i ∈ Z * 2n is odd of order 2, i = ±1 and n > 5. We show that X is a normal Cayley graph of R(
where α :
Obviously, the elements of order n in A are R(x 2s ), where s ∈ Z * 2n , and the involutions in A are R(x k )α, and R(x t )σ if (i + 1)t = 0, and R(x t )ασ if (1 − i )t = 0, where k, t ∈ Z 2n . Note that A has a normal and regular subgroup R(x 2 ), R(x)α isomorphic to D 2n , and A has a regular dihedral subgroup of order 2n other than R(x 2 ), R(x)α if and only if i = n ± 1.
which is not one-regular. This shows that A/C ∼ = Z 2 or 1.
Since b ∈ G \ C, we have that A/C ∼ = Z 2 . Hence C/G A has order 4. Note that G A is a normal Hall 2 -subgroup of A. By the Schur-Zassenhaus Theorem, C = G A × H , where H is a subgroup of C of order 4. So C is abelian of order 4n. This implies that C is not transitive on V (X). Note that G A ≤ C has two orbits of length n. It follows that, for any
Obviously, this is impossible. Hence n is even. Let us write n = 2m. Now we distinguish two cases:
We shall show that A has an abelian normal regular subgroup of order 2n containing First we show that A has an abelian normal subgroup K ≤ C such that |K /G A | = 2. If |C/G A | = 2, then C is an abelian 2-group, and we may let K = C. If |C/G A | = 4, then A has a chief series containing G A and C. There is a normal subgroup K of A such that |K /G A | = 2. Then K is abelian, and so K ≤ C, and |K | = |V (X)| = |G|. Therefore A has an abelian normal subgroup K ≤ C such that |K /G A | = 2 in both cases.
We claim that K is transitive, and hence regular, on V (X). Otherwise, we have |K v | = 2 for any v ∈ V (X) as K contains a semiregular subgroup G A of index 2. Denote the two orbits of G A on V (X) by V 0 and V 1 and let v ∈ V 0 . Since K is transitive on V 0 , for any w ∈ V 0 , there exists some g ∈ K , such that w = v g . Then
Since X is one-regular, it follows that K v interchanges two vertices of X 1 (v), pairwise. So
Since α is trivial on V 0 , it follows that X 1 (u 1 ) = X 1 (u 2 ) and X 1 (u 3 ) = X 1 (u 4 ). Now the mapping which interchanges u 1 with u 2 and fixes all the remaining vertices of X is an automorphism of X, a contradiction to the one-regularity of X. Therefore, K is regular on V (X) and X is a Cayley graph of the abelian group K . It is easy to see that either K ∼ = Z n × Z 2 or K ∼ = Z 2n . Then by Lemma 2, K ∼ = Z n × Z 2 . By Lemma 3, it follows that n = 2m, m = 2s ≥ 4 is even, and X Cay(G, {a, a We claim that M is semiregular on V (X). Suppose that M v = 1 for some v ∈ V (X). By the transitivity of A on V (X), all vertex-stabilisers of M are conjugate in A, and so M v = 1 for any v ∈ V (X). Without loss of generality we may assume that v = 1.
Consider the quotient graph X/N. By its arc-transitivity and connectedness, X/N is isomorphic to C 4 , and X is regular N-cover of a cycle X/N of length 4 with double edges. Since X is one-regular, it follows that either
, and B i , B j are adjacent to B 0 in X/N. Like in the proof in Subcase 1, we have that either , where t ∈ Z * n and j ∈ Z n , are group automorphisms of G, by the connectedness of X we may assume that b ∈ S, and S = {a k , a −k , b, a 2i b}, or S = {b, a k b, a 2i b, a 2 j +k b}, where i, j, k ∈ Z # n , and k is odd.
This implies that 2i = ±2k for n > 4. Then by the connectedness we may assume that k = ±i ∈ Z * n . We may let i = 1, and so S = {a, a −1 , b, a 2 b} or {a, a −1 , b, a −2 b}. Since the group automorphism
ab . This conflicts with the one-regularity of X.
Suppose that S = {b, a k b, a 2i b, a 2 j +k b}. Then k is odd, and
It follows similarly that {1, a 2i }, {1, a −2i }, {1, a 2 j }, and {1, a −2 j } coincide pairwise, implying that either 4|n, m is even, and 4i = 4 j = 0 or 2i = ±2 , a k b, a 2i b, a 2i+k b},  or {b, a k b, a 2i b, a −2i+k b}. Replacing k by 2i + k we may assume that S = {b, a k b, a 2i b, a 2i+k b}. If 2i = m then S = {b, a m b, a k b, a k+m b} = b a Suppose that S = {b, a k b, a 2i b, a 2i+k b}. Then odd k = ±2i , and Then by checking the cycles passing through 1 we can easily show that X = Cay(G, S) is not arc-transitive for n > 6. So we have that 2i = ±2k.
Therefore there are exactly four cycles of length 4 passing through 1, namely,
Note that any ϕ ∈ A 1 permutes on these cycles of length 4. It is easy to see that
Let τ ∈ M v = M 1 and τ = 1. Since τ fixes every vertex in B 0 = a 2 , it follows that τ = (b, a k b)(a 2i b, a 2i+k b) · · ·, and τ fixes the vertices a 2i+2k and a 2k+4i . Since
, a 4i+k }, and a 2i+k ∈ X 2 (1), and a 4i+k ∈ X 4 (1), we conclude that τ fixes a k+2i . So τ also fixes
This shows that M is semiregular on V (X). Similarly, C is also semiregular on V (X).
Suppose that |M/N| ≥ 4 first. Then M is abelian and transitive, and so is regular on V (X). This implies that |M/N| = 4. Hence M = Z 2n or Z n ×Z 2 or Z n/2 ×Z 2 2 or Z n/2 ×Z 4 , and X is a normal Cayley graph of M. Also, by the connectedness of X, M is generated by two elements. Taking this together with Lemmas 1 and 2 we have M = Z n × Z 2 , and X is a normal Cayley graph of M. Then the conclusion follows from the proof in the case G A = a .
It remains to consider that |M/N| = 2 and that M is semiregular on V (X). Then X is bipartite. Moreover, M ∼ = Z 2m or Z 2 × Z m , where m = n 2 . We show that X is a normal Cayley graph of x, y | x 2m = y 2 = 1, x y = x m+1 . Indeed, since C ≥ M, a , and a ∈ M, it follows that C is transitive on V (X). So C is regular on V (X) and, hence, C = M, a . It follows that X is a normal Cayley graph of C. Obviously, C is not abelian as M is self-centralised.
If M = a 2 × y , where y 2 = 1, then C = a, y = a : y . The action of y on a by conjugation is an involution automorphism of a . Let a y = a t , where t ∈ Z * n , t 2 = 1(mod n), and t = 1. Since [a 2 , y] = 1, it follows that 2(t − 1) = 0(mod n). Then t = m+1 for t = 1. This implies that m is even. So C = a, y | a n = y 2 = 1, a y = a m+1 , m is even, and X is a normal Cayley graph of C.
If M = x is cyclic of order n = 2m, then N = x 2 . Without loss of generality we may assume that
n , t 2 = 1(mod n), t = 1 , and X is a normal Cayley graph of C. Note that
n . This implies that for any odd i ∈ Z n , o(x i a) < 2m. Hence a A. Then G = G A a A; the contradiction follows similarly.
Therefore, we may assume that X is isomorphic to a normal Cayley graph of quasidihedral group
where m is even. We may also identify X with Cay(H, T ). Write m = 2s, where s is an integer. Note that A = Aut X contains a regular subgroup G D 4m such that G A. By the above proof, the unique normal subgroup N = a 2 of G is contained in Z (H ) = x 2 which is normal in A, and H = x m . It follows that Z (H ) = x 2 = a 2 . Obviously,
Suppose first that s is even. The involutions in H are as follows: y; x m ; x m y. Since (x i y) 2 = x mi+2i = x 2i(s+1) for any i , it follows that x i y and x i have the same order. So the elements of order n in A are x r , x r y, where r ∈ Z * n . Also, any automorphism of H is of the form
Suppose first that T = {x i y, (x i y) −1 , (x j y) −1 }, where i, j ∈ Z n and i, j = Z n . By the arc-transitivity and normality of X there is some automorphism in Cay(H, T ) mapping x i y to x j y. It follows that i = j , and so there exists some r ∈ Z * n such that j = ir. Since i, j = Z n , we have that i, j ∈ Z * n . In particular, both i and j are odd. It is easy to see that T ≤ x 2 , x y , a contradiction to the connectedness of X.
A. Then by the normality and arc-transitivity of X, there is a group automorphism mapping x i y to x k , and so o(x i ) = o(x i y) = o(x k ). We may assume that i = rk, where r ∈ Z * n . By H = S we have i, k = Z n . It follows that i, k ∈ Z * n . We may let k = 1, i = r , and T = {x, x −1 , x r y, x m−r y}. Note that α : x ←→ x −1 , y ←→ x m y is in Aut(H, S), and α 2 = 1.
If A 1 Z 4 , then there exists σ ∈ Aut(H, S) with σ 2 = α. We may assume that σ = (x, x r y, x −1 , x m−r y) · · ·, and σ : x −→ x r y, y −→ x tm y, where t ∈ {0, 1}. Then (x r y) σ = (x r y) r x tm y ≡ x r 2 (mod H ). So r 2 ≡ −1(mod m). This implies that r 2 + 1 ≡ 0(mod 4) for s even. This is impossible. Therefore A 1 Z 2 2 , and by the normality and one-regularity of X, there exist involutions β = (x, x r y)(
Then we have r 2 = 1 or m + 1. In addition, β :
x ←→ x r y y ←→ x tm y implies that tm = (r − 1)(r + s + 1) = (r − 1)s + (r 2 − 1). It follows that β :
Similarly, we have γ : s+1) ), and so x 2r(s+1) = x −2 . It follows that r ≡ −1(mod s), and so r ∈ {s − 1, m − 1, 3s − 1, n − 1}. Similarly, if d ∈ H γ then r ∈ {1, s + 1, m + 1, 3s + 1}. It follows that either d ∈ H α or r ∈ {±1, s ± 1, m ± 1, 3s ± 1}.
Suppose that d = R(z)α ∈ H α, where z ∈ H . We may write z = x k or x k y. Note that x 2 = (x y) 2 , and that H contains two cyclic subgroups of order n, namely, x and x y . We may let a ∈ {x, x y} for a ∈ H . It is easy to see that
Set r = 2w + 1, where w ∈ Z n . Note that r + s, s + 1 ∈ Z * n for s even. It is easy to 
Under the CI-automorphism
where w = (r + s) −1 . It is easy to see that w = (r + s) −1 satisfies w 2 ≡ 1(mod m).
If r ∈ {±1, s ± 1, m ± 1, 3s ± 1}, then we have T = {x,
is a group automorphism, we may assume that either r = 1 and T = {x, x −1 , x y, x m−1 y} or r = s + 1 and {x, x −1 , x s+1 y, x s−1 y}. We claim that the Cayley graph X 1 = Cay(H, {x, x −1 , x y, x m−1 y}) is not one-regular. Set A = Aut X. Then H = x m ≤ Z (H ) = x 2 . It is easy to see that X 1 is arc-transitive for A 1 ≥ α × β Z 2 2 , where α :
x ←→ xy y ←→ y . However, the permutation
is a graph automorphism of X 1 but not in Aut(H, S).
, and thus
Therefore, we have proved that if s is even then any non-normal one-regular tetravalent Cayley graph of dihedral groups is isomorphic to Cay(G, {a,
Suppose next that s is odd. Then (x i y) m = (x i y) 2s = x i(m+2)s = 1 for any i ∈ Z n . So x contains all elements of order n. It follows that x char H . By the connectedness and the normality of X, T ∩ x = ∅, and H = T . Note that (x i y) − 
It follows that T = {x i y, (x i y) −1 , x j y, (x j y) −1 }, where i, j ∈ Z n and i, j = Z n . So either i or j is odd. Without loss of generality we may assume that i is odd. Since any automorphism of H is of the form
, where k ∈ Z * n , t ∈ Z 4 , by the arctransitivity and normality of X there is some automorphism in Cay(H, T ) mapping x i y to x j y. It follows that there exists some r ∈ Z * n , t ∈ Z 4 , such that j = ir + st. Since i, j = Z n , we have i, s = Z n . Then i ∈ Z * n . We may assume that i = 1, j = r + st. So T = {x y, x m−1 y, x j y, (x j y) −1 }, where j = r + st ∈ Z n .
If j ∈ Z n is odd, then t ∈ {0, 2}. Since x 2 ∈ Z (H ), x 2 , x y is abelian. It follows that T ≤ x 2 , x y < H , a contradiction to the connectedness of X. So j ∈ Z n is even, and thus t ∈ {1, 3} and j = r + st ∈ Z * n . Since 
